ABSTRACT. This paper uses Karcher's formulation [Kar99] of the O'Neill tensors [O'N66, Gra67] to derive a concise formula for the family Ω of curvature forms obtained by shrinking the fibers of a submersion π : M → B of semi-Riemannian manifolds by a factor of 1 − . The formula clearly shows that as approaches 1, Ω approaches the sum of the vertical curvature form Ω V and the pullback π * Ω B of the curvature form of B. The Gauss-Bonnet integrand Pf(Ω ) therefore approaches the wedge Pf(Ω V ) ∧ π * Pf(Ω B ). So if π has compact fiber F, the pushforward π * Pf(Ω ) approaches χ(F) · Pf(Ω B ). H, V : TM → TM onto HM and VM. This approach clarifies the tensors' symmetries and reduces the number of cases to be considered. (Since H + V = id, and therefore ∇H = −∇V, we can mostly avoid V.)
Karcher's Formulation of the O'Neill Tensors
A submersion π : (M, g) → (B, g B ) of semi-Riemannian manifolds is a smooth map whose derivative Dπ restricts to an isometry: Dπ| HM : HM → TB from the horizontal bundle HM, i.e. the orthogonal complement of the vertical bundle VM = ker Dπ ⊂ TM, to the tangent bundle TB of B.
The O'Neill tensors [O'N66, Gra67] are to a submersion what the second fundamental form is to an immersion. Karcher [Kar99] elegantly formulated them in terms of the covariant derivatives of the orthogonal projections: H, V : TM → TM onto HM and VM. This approach clarifies the tensors' symmetries and reduces the number of cases to be considered. (Since H + V = id, and therefore ∇H = −∇V, we can mostly avoid V.)
We will rely on Karcher's formulas so heavily that we begin by restating them, prefixing a 'K' to his numbering to ease cross-referencing. In a few cases we improve on his formulas and, to ease comparison, prefix an 'M' to his numbering. The rest of this paper's formulas are numbered to avoid clashing with Karcher's.
Let X, Y, Z be sections of TM; U, V, W sections of VM; and H, K, L sections of HM. The horizontal and vertical components of the connection ∇ of M:
Therefore, if ∇ H and ∇ V are the induced connections on HM and VM then:
Compatibility with metric:
∇ Y H maps VM → HM and HM → VM; in fact:
A Codazzi-like equation and its restriction to HM and VM:
Symmetry of ∇H on VM:
Skewsymmetry of ∇H on HM:
Decomposition of the Riemann tensor:
If X, Y are vertical then (K11) is the Gauss equation of the fibers. 1 Beware that R(X, Y)H · Z does not satisfy a cyclic Bianchi identity in X, Y, Z.
Shrinking the Fibers
Now shrink the fibers of π by a factor of 1 − :
Let ∇ be the Levi-Civita connection of (M, g ) and let Γ be the difference tensor:
Karcher's equation (K15) may be written:
Karcher's equations (K16) extend to a single general formula:
The first and third terms combine easily but Γ -being the difference of torsion free connectionsis symmetric, and this three-term formula showcases that symmetry-the third term being symmetric according to (K6 3 ). Observe that Γ is always horizontal. Some useful special cases:
Comparing (K9) and (K16) leads to:
Some additional formulas worth recording:
Effect on the Riemann Tensor
Let V 1 , . . . , V k , H k+1 , . . . , H n be a positively-oriented orthonormal moving frame on M consisting of vertical followed by horizontal vectors. Let
. . , H n is a positively-oriented orthonormal moving frame on (M, g ). 20 2 ) and (20 3 ) are opposite as expected since:
COROLLARY 2. Relative to V 1 , . . . , V k , H k+1 , . . . , H n , the curvature form of (M, g ) looks like:
where π * (Ω B ) is the pullback of the curvature form of B. So as → 1:
If π has compact fiber F then integrating along the fibers gives:
Proof of Theorem 1
• (20 1 ) is easiest:
• (20 2 ) and (20 3 ) follow from (K10) and:
PROPOSITION.
PROOF. Since:
it follows by (K3 2 ), (19), V · Γ = 0 and (M16 2 ) that:
Since Γ is symmetric, the second term drops out of:
(21 1 ) follows since the symmetry of (K3 3 ) restricted to HM implies that:
Since Γ is symmetric, the third term drops out of:
(21 2 ) follows since the symmetry of (K3 3 ) restricted to VM implies that:
• (20 4 ) follows from: 
